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HARNACK INEQUALITIES AND GAUSSIAN ESTIMATES
FOR A CLASS OF HYPOELLIPTIC OPERATORS

ANDREA PASCUCCI AND SERGIO POLIDORO

ABSTRACT. We prove a global Harnack inequality for a class of degenerate
evolution operators by repeatedly using an invariant local Harnack inequal-
ity. As a consequence we obtain an accurate Gaussian lower bound for the
fundamental solution for some meaningful families of degenerate operators.

1. INTRODUCTION

In this paper we consider a class of linear second order operators in RV*1! of the

form
m

(1.1) L=> X7+ X, 0.
p=1

In (L) the X,’s are smooth vector fields on RY | i.e. denoting z = (z,t) as the
point in RV+1
N

Xp(x)zz:a?(x)@xj, p=0,...,m,
j=1

where any ag-’ is a C*° function. For our purposes, in the sequel we also consider
the X,’s as vector fields in RN*1 and we denote

(12) Y:Xo—at and )\XE)\lX1++)\me

for A = (A1,..., \p) € R™. We say that a curve 7 : [0, T] — RV*! is L-admissible
if it is absolutely continuous and satisfies

V' (s) = As)- X(v(s)) +Y(7(s)),  ae in[0,T],

for suitable piecewise constant real functions Ay, ..., A,. We next state our main
assumptions:

[H.1] there exists a homogeneous Lie group G = (RN 1o, 5>\) such that
(i) X1,...,Xm,Y are left translation invariant on G;
(ii) Xi,...,X,, are dy-homogeneous of degree one, and Y is §y-homoge-
neous of degree two;
[H.2] for every (z,t), (&, 7) € RN*! with ¢ > 7, there exists an L-admissible path
v : [0, 7] — RN+ such that v(0) = (x,t), v(T) = (£, 7).
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In the next section we recall the definition and the main properties of homoge-
neous Lie groups.

Operators of the form (1), verifying assumptions [H.1]-[H.2], have been intro-
duced by Kogoj and Lanconelli in [7] and [§]. Under these hypotheses the Hérman-
der condition holds:

(1.3) rank Lie{X;,..., X,,,Y}(2) = N+1, VzeRNTL

hence L in () is hypoelliptic (i.e. every distributional solution to Lu = 0 is
smooth; see, for instance, Proposition 10.1 in [7]) and has a fundamental solution
I" which is smooth out of the pole and §)-homogeneous of degree 2 — Q:

(1.4) [(6x2) =£27°T(z), £>0

(here @ denotes the homogeneous dimension of G; see Section 2]). Hence operator
([TT) belongs to the general class of hypoelliptic operators on homogeneous groups
first studied by Folland [4], Rothschild and Stein [18], Nagel, Stein and Wainger
[13].

An invariant (local) Harnack inequality for L is proved in [7], and one-side Liou-
ville theorems are given in [§]. The main goal of this note is to prove the following
non-local Harnack inequality.

Theorem 1.1. Let zp = (xo,t0) € RN+ and s > 0. There exist two constants
c,C > 1, only dependent on L, such that

(1.5) u(exp(s(A- X +Y))(20)) < O u(z),
for every non-negative solution u to Lu = 0 in RN x Jtg — cs,to], A € R™.

The connectivity assumption [H.2] and Theorem [Tl directly yield a global Har-
nack inequality for positive solutions to Lu = 0 of the form:

(1.6) u(x,t) < H(z,t, &, 1) u(é,7), Y(z,t), (&, 7RV ¢t < 7.

When we are able to explicitly find an L-admissible path v connecting (x,t) to
(&,7), then we can explicitly express H(z,t,&,7) and obtain a more useful esti-
mate. Aiming to take into account the homogeneous structure of the Lie group, we
construct such a + by separately considering the commutators of different homo-
geneity of X1,...,X,,,Y. We remark that these commutators can be conveniently
approximated by L-admissible paths: for instance, the direction of the commutator
[X,, X,] can be obtained by using the integral curves of X,, X,, —X,, —X,. To be
more specific, by using the Campbell-Hausdorff formula, we have
KXo tY o  XatY o o= XptY o= XatY _ AV HXp XoJ+Re

where the error term Rs contains commutators §y-homogeneous of order greater
than two. This fact is well known and has been used by many authors in the study
of the regularity of “elliptic” and “parabolic” operators of the form

m

(1.7) > X;  and > X7 -0,
p=1 p=1

respectively. However the study of operator (II]) involves commutators of the form
[X,, Y] that do not occur in the examples (7). In this case, we have to use a
different combination of vector fields, namely

X HY o= XpHY 2V (X, VIR
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where Rj3 is an error term of order three. The above argument can be adapted to
commutators of higher length and leads to an explicit estimate of H in (L.@). This
estimate is given in Section M, Proposition [£1] in the case of a Lie algebra of step
three. We plan to consider Lie groups of a higher step in a future study.

As a consequence of Proposition ] we get the following lower bound for T'.

Proposition 1.2. Let L be the operator in (LI on a group of step three and T' its
fundamental solution. There exists a positive constant C' such that

6
(1.8) I(x,t) > QC:2 exp (—C'x—@) , V(z,t) € RNV x RT.
ta

+3
Here | - |g denotes the homogeneous norm in G (see Section ).

In the above statement I'(-) denotes the fundamental solution of L with pole at
the origin. Due to the left o-invariance of T, we have that I'(z,¢) = I'(("! 0 2) and
a lower bound analogous to (L) also holds for T'(-, ().

2
The above estimate looks rather rough, since it is natural to expect % in the

exponent in ([LF)). Indeed the following Gaussian upper bound has been proved by
Kogoj and Lanconelli in [7]:

C 2
(1.9) ['(z,t) < 5= exp (—%) , Ve e RN, t >0,
to7 Ct

with C a positive constant. However it is known that the fundamental solution of
the (Kolmogorov) operator 02 + x10,, — 0y is

\/g x% T1X9 l‘%
(1.10) F(ml,xg,t):mexp —7—3 e _3t_3 , T1,22 ER, t > 0;

see (LI9) below. In particular

6
\/§ .’If% \/g |(0’x2)|G
(111) F(O,xz, t) = m exp (—3t—3) = ot2 exp _31573 .

On the other hand, we have

I'(x1,0,t) = V3 exp (—x—%) = V3 exp (_M) )

2mt2 t 2mt2 t

so that neither (L8] nor (L9) are sharp. However we can hope to sharpen (L8] at
least in some component of z. The following example shows that further hypotheses
on the operator L are needed to obtain such a result. Consider the operator L =
X2 4+Y in R3, where

X =0, + 33:128962 and Y =210,, — 0.

It is straightforward to verify [H.1], [H.2] for L (the dilations are 0y (x1,z2,t) =
(Az1, 329, ¢0%t)). The fundamental solution is I'(z1, z2,t) = I'(x1, v9 — 23, ¢) with T
in (TI0); then
= V3 ( |21/
exp | — -

We close the introduction with some examples of operators which verify assump-
tions [H.1], [H.2] and motivate our study. In these particular cases we will give sharp

3|961|4 _3\$1|6

+
; 5 5 ) V(z1,t) € RxRY.
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estimates for the case of a Lie algebra of step three (see Propositions 5.1 and
below).

Example 1.3 (Heat operators on Carnot groups). Consider the operator L in (L))
under assumptions [H.1] and

(1.13) rank Lie{X1,..., X, }(z) =N,  Vz eRM.

In this case G = (RN, 0,5)\) is a Carnot (or stratified) group (see, for instance,
[4] and [20]).

A general result from control theory asserts that, under assumption [H.1], con-
dition (LI3]) implies [H.2] (see [6], Theorem 2(a) in Section 4). When Xy = 0, the
couples of conditions [H.1]-[H.2] and [H.1]-([I3) are equivalent (recall that (L3))
follows from [H.1]-[H.2]). In this case the operator L in (] is

(1.14) L=Ag — 0,
where as usual Ag denotes the canonical sub-Laplacian on G:
Ng =) X7
p=1

We recall the well-known Gaussian upper and lower bounds for heat kernels due to
Jerison and Sdnchez-Calle [5], Kusuoka and Stroock [I0], Varopoulos, Saloff-Coste
and Coulhon [20]. These results apply to Lie groups which are not necessarily
homogeneous. We also quote the more recent and accurate estimates by Saloff-
Coste and Stroock [19], Bonfiglioli, Lanconelli and Uguzzoni [3].

More generally condition (LI3]) means that the operator (II]) has the form
(1.15) L= Ag + Xo — 0,
with X € Lie{Xl, e ,Xm}. The results in [5] and [I0] apply to the above operator
when Xy € span{X,, [X,,X;] | p,¢, 7 =1,...,m} (note that, by the homogeneity
assumption [H.1], condition (LI3) implies Xy € span{[X,,X,] | p,¢=1,...,m}).
Operator (LIT), without other assumptions on Xy, has been considered by Alex-
opoulos in [I].
Example 1.4 (Kolmogorov-type operators). Assume X, = 0p, p =1,...,m, and
the coefficients of X are linear functions of z € RY:

Xo = <ZIJ, Bv>

for a constant N x N matrix B. Then

(1.16) L=> 07+ Xo— 0.
p=1
This kind of operator has been extensively studied (see [I1] and [12] for a com-
prehensive bibliography). It is known that [H.1]-[H.2] for L are equivalent to the
following hypothesis:

[H.3] the matrix B takes the form

0 Bl 0 - 0
0 0 By -~ 0
(1.17) B=|: : = - :
0 0 0 B,

o
o
o
o
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for some basis of RY, where By, is a dj, x dpy1 matrix of rank dg, k =
1,2,...,n,withm:d12d22~~~2dn+1Zlandd1+~~~+dn+1:N.

The equivalence of [H.3] and the couple of hypotheses [H.1]-(3) has been proved
n [II]. As said before [H.1]-[H.2] yield [H.1]-(L3)); on the other hand in [I7] it is
proved to be the converse implication for Kolmogorov operators.

Under assumption [H.3], the dilations are

(1.18) S = diag( Mg, , Blay, ..., 02", 0%), A >0,

n+17
where I, is the di x dj identity matrix. Moreover the fundamental solution of L
in () is explicitly known:
1

L
(1.19) I'(z) = m exp (—Z<C (t)x,m})

for t > 0, and I'(z) = 0 for ¢ < 0. In (LI9), we denote
t
(1.20) E(t) = exp(—tBT) and C(t / E(s)AET (s
0

where BT is the transpose matrix of B. We remark that condition [H.3] ensures
that C(t) > 0 for any ¢ > 0 (cf. Proposition A.1 in [11]; see also [9]). In this case
the group law is

(1.21) (z,t)o (&, 7)=(E+ E(T)z,t +7), (z,t), (€,7) € RNTL,

In the sequel we call K = (RN¥*1 o) a Kolmogorov group.

Non-local Harnack inequalities for this kind of operator are proved in [I4], more-
over Gaussian estimates for the fundamental solution are given in [16], [I7] and [I5]
in the case of non-constant coeflicients of the second-order derivatives.

More general examples of operators of the form (LI6) with polynomial (non-
linear) coefficients are

=02 + 02, + 2105, + v1220,, — O, Ly = 02 + 210, + 2305, — 0.

Note that although both L, and Ly satisfy [H.1] and the well-known hypoellipticity
Hormander condition, only L; fulfills [H.2].

Example 1.5 (Operators on linked groups). Let L = GAK be the linked group
of a Carnot group G on R™ x R™ and a Kolmogorov group K on R™ x R" x R, as
defined by Kogoj and Lanconelli in [7] (Sect. 10). We consider the operator

(1.22) L=Ag+Y.

For the reader’s convenience, we recall the definition of the link of Carnot and
Kolmogorov groups. Consider a Carnot group

G = (R™ x R",0,0%),
where (z,y) denotes the point in R™ x R™ and assume that
(1.23) Xp =0, +aP(z,y)Vy, p=1,...,m
Hence the dilations and the group law take the following form:

5?(1’,:{/) = ()\%P()%y)a (fﬂ,y) © (l'/,y/) = (IC + :c’,Q(x,y,x’,y')) .
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Moreover the Kolmogorov group il
K= (R™ xR" x R,0,6%),

where we denote (z,w,t) as the point in R™ x R” x R. We assume that
(1.24) Y = Xo(z,w) — 0 = ((x,w), BV (g,4)) — .
The dilations (ILI8) and the group law (I21)) will be denoted by

6K (x,w,t) = ()\x,pﬂfw,ﬁt),

(x,w,t)o (2, w',t') = (x + 2/, R(z,w, t,a' W t'),t+t).

The link L = GAK is defined as follows:

L= (R™xR" x R" x R,0,6%),
where

o (z,y,w,t) = ()\x, p()G\’y, PXw, ﬂzt)
and

(1.25)
(%%wvt) © (xlaylvwlat/) = ($ + CE/, Q($7y>$la y/)v R(x,w,tm',w',t’), i+ t/) .

It turns out that L is a homogeneous group, and that the X,’s and Y (considered
as vector fields on R™ x R™ x R" x R) satisfy [H.1]-[H.2] (see Propositions 10.4 and
10.5 in [7]). Let us explicitly note that the operations defined in L extend the ones
in G and K. In particular we have

(1.26) (2,9,0,0) 0 (2',9',0,0) = ((z,y) o (z',4),0,0).
2. PRELIMINARIES

In this section we briefly recall the basic properties of homogeneous Lie groups
and exponential mappings.

A Lie group G = (RNH, o) is called homogeneous if a family of dilations (6x),
exists on G. In our setting, hypotheses [H.1]-[H.2] imply that RY has a direct sum
decomposition

RY=Vie---aV,
such that, if z = 2 4+ ... + 2(") with 2(®¥) € Vj, then the dilations are
(2.1) (5,\(.%‘(1) 4+t x(”), t) — ()\I(l) 4+t [”x(n)’g2t)7
for any (x,t) € R¥*! and A\ > 0. We may assume that
M = (x1,...,Tm,,0,...,0) € V7,
2® =(0,...,0,2%, .. 2® 0,...,0) € Vi,

for some basis of RY, where

k . .
xE ) = Tyt dmp_14i i=1,...,mp =dimVj.
The natural number
n
Q=> kmy+2
k=1

I1We use the same notation “o” for the composition law in different groups; the context will
avoid ambiguity.
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is usually called the homogeneous dimension of G with respect to (dy). We also
introduce the following §y-homogeneous norms on R¥*! and RYV:

1
2n!

n mg 20!
k Kk
Il = >3 () "+
k=1j=1
1
|z|g zmax{|x£—k)|’€ | k=1,...,n, i = 1,...,mk}.
Since X1,...,X,, and Y are smooth vector fields which are Jy-homogeneous, re-

spectively, of degree one and two, it is not difficult to show that they must be of
the form

Xp:Zazfl('r(l)v"wx(kil))'v(k)7 pzl,-.-,ma
k=1
(2.2) -
Y= bia(a®,...a®2) . v® g,
k=2

where
v =(0,...,0,0,0,..-,0,0,0,...,0),
1 mp

and af and by, are dy-homogeneous polynomial functions of degree k with values
in Viq1 and Vj4a, respectively. Let us explicitly note that hypothesis [H.2] and
formula ([22) imply that span{X;(0),...,X,,,(0)} = Vi. Then we may assume
m =my and X,(0) = e, for p=1,...,m, where {e;}1<;<n denotes the canonical
basis of RY. We also remark that, by [H.2] and (Z2)), span{X,(0), [X,, X,](0)} =
Va; then, in the particular case of a Kolmogorov group, Vo = {0} necessarily.

We denote by g the Lie algebra of G. For any X € g, 2 € RN*! and s € R, we
let exp(sX)(z) = v(s), where ~ is the (unique and globally defined) solution to the
Cauchy problem

V=X, 0) ==

We also use the following notation eX = exp(X)(0) and recall that

exp(X)(z) = zoeX, VX cg, z € RNVFL
In the sequel we use the well-known Campbell-Hausdorff formula which we recall
here for greater convenience:

(2.3) eX 0eZ = eX+Z+%[X,Z]+1—12[X—Z,[X,Z]]+R3,
where R3 are commutators of length greater than three.

3. PrROOF oF THEOREM [[.1]

We prove Theorem [[. 1] by constructing a Harnack chain by means of the Harnack
inequality proved in [7]. We recall that a set {zo, ..., 2} C O, where O is an open
subset of RVT1 is said a Harnack chain of length k if a positive constant C' exists
such that

(3.1) u(z;) < Cu(zj—1), forj=1,...,k,

for every non-negative solution u to Lu = 0 in O.
We choose {zo, ..., 2z} along a suitable integral curve of the vector field A\- X +Y.
The technique goes back to Aronson and Serrin [2] for the study of uniformly
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parabolic equations. Then it has been extended in [20] to the framework of heat
kernels on Lie groups and in [I7] to Kolmogorov groups.

We first recall the invariant Harnack inequality proved in [7], Theorem 7.1. Given
r>0,e€]0,1[ and 2o € RN+ we put

Cr(z0) = 2000:(C1), S (20) = 200 0,(S}7),
where
Ci={z=(x,t) eRV*' | |z]lg <1, t<0}, 89 ={z=(z,—¢) | z€C1}.
13

We remark that the following result is stated in [7] only for e € [Z’ Z]’ however the
compactness argument used in the proof applies to every e € 0, 1].

Theorem 3.1. Let O be an open set in RN containing Cr(20) for some zp € RN+1
and v > 0. Given € € ]0,1[, there exist two positive constants § = 0(L,e) and
C =C(L,¢) such that
(3.2) sup u < Culzp),
857 (z0)
for every non-negative solution w of L in O.
We next prove a different version of the above Harnack inequality.

Proposition 3.2. Let O be an open set in RN containing C(z) for some zy €
RN+ and r > 0. For every R > 0 there exist two positive constants C,¢ only
dependent on L and R such that

(3.3) u(zp 0 2) < Culzg)
for every non-negative solution w of L in O and for every z in the paraboloid
(3.4) Prr = {(z,—t) e RV | |z]2 < Rt, 0<t < T},

where 0 < T < er?.
Proof. For a fixed t > 0, we put

Ay ={(z,~t) | |2[§ <Rt}
For every z € A; we have

2l < (N]2lE +1t7)7 < ert,
with cg = (1+ NR?)7, therefore

A C{z=(a,~1) | |2l <ert} =SUR).

Since cg > 1, we can apply Theorem B with € = 01}1. Then there exist 6, C > 0,
only dependent on L and R, such that

(3.5) sup u < Cu(zp),
857 (20)

for every non-negative solution u of L in O and for any p €]0,0r]. If we put
T = cI}l@er we have A; C S,(,E) with p = /egt < 0r when ¢t < T. The claim
follows from (B.3]). O

The previous proposition states a Harnack inequality for a paraboloid of arbi-
trarily large width R: we next make a suitable choice of R in order to use (33) in
the proof of Theorem [T
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Proposition 3.3. There exists R > 1 only dependent on L such that
(36) exp(s(A - X+ Y))(O) € ,PR")\I—Q,

for any A € R™, X\ # 0, and s € ]0,|\|72]. The statement also holds for X\ = 0: in
this case exp(sY)(0) € Prr for any s,T > 0 with s <T.

Proof. If A # 0, we set
exp(s(A- X +Y))(0) = (v(s), —s),

and recall the expressions (2.2)) of the vector fields X, and Y. We aim to show that
under the condition

(3.7) 0<s/A?<1,

then (y(s), —s) € Pg,|x|-2 for some suitable R > 1 only dependent on L, or in other
terms

(3.8) W B (s)F <Rs,  i=1,...,mp k=1,....n.
We have v()(s) = s\, so that
O (s)[2 = sA12 < Rs
by BX) provided that R > 1. This proves the case k = 1 in ([B.8]). Next, we have

B (s) =" Ay af (v(s)) + bo.
p=1

Then, for some constant vector v € V5, we have
Y@ (s) = s(s|APv + b).
By (1) we may choose R, only dependent on L, large enough so that
WP () <Rs, i=1,...,my,
which proves the case k = 2 in (B.8]). For 3 < k < n, we have

8 (5) =3 Apal_ (YD (s), ... AT () + brea (YD (s), .., /D (s)),
p=1

and, since a} and by are é-homogeneous functions of degree k, a straightforward
inductive argument yields

1 0(s) = 5% (vo + (sIAP) 2 vi -+ (1A #vi)
for some constant vectors v; belonging to Vj, and only dependent on L. Therefore,

by BX) we may enlarge R = R(L) if necessary, so that ([B.8]) holds. The same
argument applies to the case A = 0. ([l

We are now in a position to prove Theorem [Tl Note that, in the statement, the
domain of the solution u is the strip RY x|ty — ¢s, to]; here we prove inequality ((L5])
under a bit less restrictive assumptions. Theorem [ Ilwill be a direct consequence of
the following Proposition 3.4l The proof is based on the construction of a Harnack
chain along the path

v(7) = exp(rs(A - X +Y))(20), T €[0,1],
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where s > 0, A € R™ and zy € RV*! are given. In view of Proposition B3] if k is
the natural number such that

k—1 k
3.9 —5 <s<—
) pE <t
we consider the set {zg, ..., 2} defined as
(3.10) 2 = exp (|>‘\7—2()\-X+Y)> (z0), j=1,....k—1,

and zp = exp(s(A- X +Y))(20), and we will show that it is a Harnack chain.

Proposition 3.4. Let O be a domain of RNTY, 25 € O, A € R™ and s > 0. With

¢, C being the constants in Proposition B2, we set r = min { IMlx/i’ %} Suppose

that Cr(z;) C O for j=0,...,k—1, where the set {zo,...,z,} is defined in BI0).
Then

u(exp(s(\ - X +Y))(z0)) < CHHPu(z),

for every non-negative solution u to Lu =0 in O.

Proof. We first suppose s < ﬁ: in this case s = &r? and k = 1, then we apply
Proposition once in view of ([B.4]).
Now suppose s > W We consider the set {zo,...,z2;} defined in (BI0), and
we show that it is a Harnack chain. To this aim it suffices to note that
1

)\|2()\-X+Y)>(O), j=1,....k—1,

Zj = Zj—1 © €XpP (
and to recall (B6). Then we apply Proposition k times since in this case
|A|? =er? and C,.(z;) C O, by our hypothesis. Note that k < 1+ s|A|? by ([83) and
the thesis easily follows. O

Proof of Theorem [Tl We consider the set {z,..., 2} defined in (BI0), and we
note that C,(z;) € RY x Jtg — ¢s, o], for any j = 0,...,k — 1, provided that we
choose ¢ > 1 + % Then the claim follows from Proposition 3.4l O

4. GLOBAL HARNACK INEQUALITIES

In this section, by repeatedly applying Theorem [[.I] we prove a Harnack in-
equality for non-negative solutions to Lu = 0 in a strip RY x I in the case
of a Lie algebra of step three, so that RN = V; @ Vo ® V3. We remark that
[ Xy, [Xp, X4]] and [X,,Y] are both commutators of order three, but they play a
different role in our estimates; hence it is convenient to split V3 as W/ @ W”, where
W' =span{[X,, [ X, X ] | m,p,qa=1,...,m1}, W’ = Van (W)L and, accordingly,
23 = + ", with w’ € W’ and w” € W” (actually, the space V3 can be split in
other ways, however it seems that this choice yields better estimates; see Remark
[ below).

We next state a Harnack inequality for a general operator acting on a Lie algebra
of step three. Then some more accurate estimates will be given in Propositions [.2]
and 44l under geometrical conditions on the Lie group.

Proposition 4.1. Let L be the operator in (L)) on a group of step three and
let 29 = (w0,t9) € RVN*T1 T > 0. There exist two constants ¢ > 0 and C > 1,
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only dependent on L, such that, if u is a non-negative solution to Lu = 0 in
RN x |tg — T, to + T, then

(4.1) u(zg) < exp <c (1 + ”ﬂ?)) u(z0 0 2),

for every z = (x,s) € RV x]0,T].

The examples (LII)) and (TI2)) in the Introduction show that @Il cannot be
improved in general. We next state some sharper estimates for the operators in

Examples [L3] [[4] and

Proposition 4.2. Let L be a parabolic operator on a Carnot group of step three
(cf. Ezample [L3) and let zo = (z0,t9) € RNTL, T > 0. There exist two constants
¢ >0 and C > 1, only dependent on L, such that, if u is a non-negative solution
to Lu =0 in RN x Jtg — T, tg + T}, then

(4.2) u(z) < exp <c<1 + %'é» u(z0 0 2),

for every z = (x,s) € RV x]0, 7).

Proposition 4.3. Let L be a Kolmogorov-type operator on a group K of step three
(cf. Ezample [LA) and let zo = (z0,tp) € RNTL, T > 0. There exist two constants
¢ >0 and C > 1, only dependent on L, such that, if u is a non-negative solution
to Lu =0 in RN x Jtg — T, to + T}, then

K K
(4.3) u(zp) < exp <C<1 + + )) u(zp 0 2),

s 53

for every z = (x,s) € RV x]0, 7).

Proposition 4.4. Let L be the operator in (L22) on a linked group L = GAK of
step three. Let zo = (&0,M0,wo,t0) € RNFTL =R™ x R* x R” x R and T > 0. There
exist two constants ¢ > 0 and C > 1, only dependent on L, such that, if u is a
non-negative solution to Lu = 0 in RN x Jtg — Tty + T, then

2 6
(4.4) u(zo) < exp <C<1 + |(§7’r}a0)|]L + |(0,0,UJ)|]L>> u(zo 0 2),

s s3

for every z = (£,m,w,s) € RV x]0, T].

Before giving the proof, we introduce some notation and prove some preliminary
lemmas. Since the Lie algebra has step three, the vector fields in ([22) take the
form

(45) Xp :8p+a’f(x(l))v(2) —i—ag(x(l),x@))v(g), p=1,...,mq,
YV =bV® + b (M) VE -9,

with @ : V3 — Vi and by : Vi — V3 linear functions, by € V2 and

(4.6) ah (2, 2®) = AL (zW) + A (21?),

where AL : Vi — V3 is a bilinear function and A7 : Vo — V3 is a linear
function, for p =1,...,m;.
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Lemma 4.5. Let z = (xz —thg,t) € RN x RT with x € W” and by € Vs as in
(IEI)E There exist two constants ¢ > 0,C > 1, only dependent on L, such that

2
(4.7) u(0) < exp <C(1 + f—l)) u(2),
for every non-negative solution u to Lu = 0 in RN x |—ct, t].

Proof. In order to apply Theorem [[.I] we aim to connect z to 0 by using suitable
integral curves of the vector fields AX, + Y. This is possible since the Campbell-
Hausdorff formula [23) (with Rz = 0, since we assume that the Lie algebra has
step three) yields

(4.8) eXrtY o e XY — 2V H[Xp Y]

To prove our claim, we select a basis

{[Xpu ]5' ot [Xpmémy]}
of W' and, without loss of generality, we assume that
(49) [Xsk,Y] :am1+m2+mé+k for k = 1,...,mg.
Weputrzﬁg,zozz,
(4.10) 2k = 2jx_10 e (M Xa4Y) o eT(_)"“XSkJrY), k=1,...,mj,

and we choose Ay such that z,,; = 0. By (4.8)), we have

2
2k = 2k_1 OeZ‘rY+T )\k[Xsk,Y]’

then, by again using the Campbell-Hausdorff formula and ([£9), we get
Zmy = 7 0 exp (tY + Z T2)\k[XSk,Y]> = (:v + Z T2)\ke$2+k,0).
1<k<m}Y 1<k<m}Y

The claim follows by setting Ay = —7'_21‘52 4 in (BI0) and applying Theorem [[]
repeatedly. O

Lemma 4.6. Let z = (z — 2tby,2t) € RN x RY, with x € V3. There exist two
constants ¢ > 0,C > 1, only dependent on L, such that

(4.11) u(z) < exp c(1+ > M) u(z),

t
1<k<my

for every non-negative solution u to Lu = 0 in RN x |—ct, 2t]. In {@II)

(4.12) z = (T — tbo,t),
where T € V3 is such that
E;B)ZO, j:l,...,mg, .’fgg):l';g), j:mg+1,7m3

2The term —tbg in z appears in order to take into account the constant drift of Y.
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Proof. We connect z to z in ([{I2) by using a path moving in the direction of
[Xr, [Xp, Xg]]: in order to apply Theorem [T we use suitable integral curves of the

vector fields X, +Y, X, +Y and X, + Y. Indeed, by the Campbell-Hausdorff
formula, we have

AXANg (XohY o  XatY o =XtV g e~ XatY)
(4.13) o ed=XrHY) (e XptY o em XatY o XptY g Xat))

16 +4[X, [ X, X ][ +4[4X 4+ X+ X, Y]

Arguing as in the proof of Lemma [£5] we select a basis

{ X X Xl X (X, X

oy Xany )1}
of W' and, without loss of generality, assume that
(4.14) (Xres [Xprs Xgu ]l = Omytmoth for k=1,...,mj.
Then we put 7 = m, Zo = z and
(4.15)

Zr = Zp_10€

o (ET(AkkaJrY) o er()\quk+Y> o 67(—,\kxpk+y) o er(—)\quk—i-Y))

47 (AR Xy +Y)

o 647(7&.)(% +Y)

o (67(—>\kxpk+y) o e‘r(—)\quk—i-Y) OeT()\kka—i-Y) o er()\quk—i-Y)) ,

for k =1,...,mj3, where Ay, ..., A, will be chosen later. By ([@.I3)), we have

%, =Zn_1 0 L6TY +ATINT X [ Xy X, NHAT2 AL (X +X g, +4 X, Y1,

moreover, by the Campbell-Hausdorff formula and [@.I4), we get
_ t 2 )
(4.16) Zpg = oxp (Y +4r2 > (PAfel? + M[Xp, + X, +4X,,,Y]) ) (2).
1<k<mj

Note that the approximation (£I5]) of the commutator [X,, , [X,,, X,,]] introduces
in (I6) the “error term” [X,, + X, +4X,,,Y]. Therefore we rely on (3 to
remove it: we set zgp = 2z, and

2 = Zp_1 0 (647(7Aerk+Y) o e4T(>\erk+Y))

o (eQT(—Akka—i-Y) o EQT(Akka—i-Y)) ° (eQ‘r(—)\quk—i-Y) OeZT()\quk—i-Y))

for k=1,...,m5. By (£8) we obtain
(4.17) 2y, = zoexp (tY—|—473 Z )\kek ) = (x—tb0+47'3 Z )\kek),t)
1<k<mj 1<k<mj
Next we choose A\j such that
2P+ =0,
and the claim follows from Theorem [} (]

oyl
|
=
3
T~
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Remark 4.7. Consider the vector space
W =span{[X,, [X,, X,]] | m,p,g=1,...,mi} Nspan{[X,,Y] | p=1,...,mi}

and suppose that it is non-trivial. Then we can use both (£8) and (£I3) to obtain
an estimate of the form

z|? |3
1(0) < C'min {exp <1 + |t3) , €Xp (1 + |t|> } u(z),

for 2 = (z — tby,t) € RY xR* with z € W. However this estimate does not improve
EID).

Lemma 4.8. Let z = (z,3t) € Vit x RT. There exist two constants ¢ > 0,C > 1,
only dependent on L, such that

pe))
(4.18) u(z) < exp (C (1 + |t—|>> u(z),

for every non-negative solution u to Lu = 0 in RN x |—ct, 3t], where
(4.19) zZ = (T — 2tbo, 2t) ,
with & € V3, 3 = 23

Proof. We connect z to z in ({I9]) by using a combination of paths of the following
form:
(4.20)

XptY o o XatY o o= Xp+Y o= XY _ AV +[Xp X[ 42[Xp+ X Y]+ 5 [Xp+ X, [Xp, X ]

oe

Then we select a basis

(X Xl s (X X 1)
of span{[X,, X,] | p,¢=1,...,m1}, and we assume, since it is not restrictive, that
(4.21) (Xpo, Xgu] = Oy + a2 VE k=1, my,
for some suitable linear functions ai*?*. Next we put 7 = ﬁ, zo = z and
2
2 = Zk_10 eT(A’“XPk"'Y)
(4.22)
0 eT(ArXg +Y) o o7 (=M Xp, +Y) 067(—,\,&(%%/)7 k=1,...,mo,

for some A1,..., Apm, to be suitably chosen. By (£20), we have

2 = exp <4TY + 7202 [ X, Xon

1 .
+ QTQAk[XPk + qu,Y] + 573)‘%[)(1% + X, [ka’X%]]> (2k-1);

then if we let Zg = z,,,, we get

_ t
Zo = exp <EY+ Z 2N X Xoi]

1<k<mao

N~

12 Y PN, XYL Y rBAi[ka+qu,[xpk,qun)<z>.

1<k<ma 1<k<mao
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Before choosing the Ai’s, we remove the error terms [X,, + X, ,Y] and

[(Xp, + Xagr, [Xpi, Xg.)] as in the proof of Lemma Therefore we set

(4.23)

=5 (f—kaJrY)

Y|

_fxpk+y) er(—%quﬁy) . 67(%’6ka+¥) o eT(L;qu+Y)

(ix +Y)

,fxpﬁy) eT(f%quJrY) . er(%xpkﬂf) . er(%kquﬂf)

(X+Y)

iX +Y e (%&qu+Y) OeT(—%X,,kJrY) Oer(—%&qu+y)

oe
( ka+y oe (%X%"'Y) ° eT(_ATkXPk"'Y) o 67(_%XQI¢+Y)

)

)
(-2 7)

)

)

for k=1,...,my and, by [@I3]), we have

%, =%, 0 eSZTY*%Ts)\‘z[XPk+qu,[ka,qu]]712Tz)\k[X o+ Xg YT

Then, if we set Zg = Zp,,, by the Campbell-Hausdorff formula, we get
_ 9
Zo = exp (th+ S PNX, Xg ] - 100 > X, +qu,Y])( ).
1<k<m, 1<k<ms
Finally, we annihilate the last error term by setting

)

% = Zk,lo(eT(m’\’“XPkJrY) o eT(—1o,\kka+Y))O(eT(m)\quﬁY) 067(—10Akqu+y)>

for k=1,...,mq, and by (@8] we have

2
Zp = Zp_1 O 64'rYJr10'r )\k[kaJrqu,Y]

It is easy to check that
Z = Zy, = exp (tY + Z TZAi[ka,quD (2),
1<k<mag

thus, by using (£.21]), we infer

.’2(2) = 99(2) -+ Z T2>\zem1+k + tb().
1<k<mgo

We next choose Ay, so that our claim Z(?) = —2tby holds. Clearly this means 72\ =
—(3tby + )m,+k, and the equation can be solved only when (3tby + 2)m,+r < 0.
However, if this is not the case, we may exchange the role of X, and X,, in [@.22)
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to obtain 72A? = (3tby + ), +1 instead. In both cases Theorem [[] gives

=@
u(z) < exp <C’<1 + “ﬂ)) u(z),

and claim ([@I8)) follows. O

Lemma 4.9. Let z = (z,4t) € RN x RT. There exist two constants ¢ > 0,C > 1,
only dependent on L, such that

Iy

(4.24) u(2) < exp <0(1 + T)) u(z),

for every non-negative solution u to Lu = 0 in RN x |—ct, 4t], where

(4.25) z= (:E(Q) +3®) St)
and (see the notations (L0)-(E.4]))
1 =2 4 by — = Z apal (z1),
1<p<ma

23 _g® 4 %bl («)

1 t 1
— Z Tp §A§ (x(l)) + A} (x(Q) + §bo -3 Z zqad (x(l))>
1<p<my 1<q<my
Proof. We set

TAX1+Y) g oT(A2X24Y) | Amy Xy +Y)

..oeT( ,

Zp==zo0e€

for some Ay, ..., A\, and 7 > 0 to be suitably chosen. By the Campbell-Hausdorff
formula, we have

zoexp(mlTYJrT Z )\po+T2 Z €1,k Api Mg [ X pr s X )

1<p<m 1<k<m3

+7° Z 2,k A Api Agy, [er’ [ka ) quH + 7 Z 63,k>‘k[Xka Y]) (2)

1<k<m? 1<k<m,

for some constants c¢i i, c2k, ¢35 (here we rearranged the sums to simplify the no-
tations). Next we proceed as in the previous lemmas in order to remove the error

terms. We set oy, = +/|c1 x| and

pap—— OeT(O(k)\kapk+Y) Oef(ak,\ququrY) oeT(—ak,\kapk+Y) OeT(—ak)\quqk+Y)

if 1, <0, and

2 = 21 Oe‘r(ak)\quqk +Y) Oer(akxpkxpk +Y) Oe‘r(fakququJrY) OeT(fak)\kapk+Y)’

otherwise, for k = 1,...,m?. By (@20), we have
2k = €Xp (4TY - TQCL’C/\Pk Agy [ka ) X(Ik] + 2720‘k[)‘pk Xpr + A Xqi» Y]

1
- §T3617kak)‘17k )\Qk [)\Pkka + )‘qchqzcv [X;Dkvquc]]) (Zkfl)'
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Then if we let 2o = z,,2, we get

Zo =exp <(m1 +4m2) 7Y + 71 Z ApXp

1<p<my

+TSZ C47k)\7'k>\pkAQk[XTk7[ka7Xq1c]]+T2 Z C5,k}‘k[XkaY]>(Z)

1<k<m? 1<k<m,
for some constants ca i, ¢5 5. Next we set G = —sign(cax){/|cax| and
— — 1
B = 310 AT (188X, X +Y)

o (eT(ﬁkAkaT’k +Y) o eT(ﬁkAQkX‘Jk"'Y) o eT(_Bk)\Pk Xpp, +Y) o eT(_ﬁkA%qu"'Y))

o 647(7 1Bk Ary, Xr +Y)

o (eT(iﬁkAPkXPk +Y) o eT(fﬁk/\QkX%JrY) o eT(ﬁk)\PkXPk +Y) o e"'(ﬁk/\%X%JrY))

b

for k =1,...,m$. By [@I3), we have

%, =3 10 e167Y —Ca kT Xy Apy Xay [X [ Xy Xag [1=4B67° Npy Xy +Aa), Xap + A, Xry Y]

)

thus, if we let 2o = 2,3, by the Campbell-Hausdorf formula, we get

%o = exp ((m1 +dmi +16mH)TY +7 Y ANX, 72 Y e Mk X, Y]) (2)

1<p<m 1<k<my
for some constants cg ;. Finally, if we put

5k = Zp_1 0 eT (=6 A Xk tY) o eT(CG,k)\ka"FY)’ k=1,...

by ([@8]), we have

- _ = 27Y —72cg Ak [ Xk, Y
Zk = Zk-10¢€ skl Y],

and, by again using the Campbell-Hausdorff formula, we get

Z = Zpm, = exp (tY +7 Z )\po) (2)
1<p<m
for 7 = t(3my +4m? 4+ 16m3)~!. Then we set A, = —Z2 so that z € V= x R. With
this choice of the \,’s, it is straightforward to check that #(?) and z(®) are as in the
statement. O

Proof of Proposition [£1] Since L is invariant with respect to the left o-translations,
it is not restrictive to assume zg = 0. We denote t = £,z = (V) + 22 + o' + ",
and we apply Lemma [£.9 to the point z = (x,4t), then Lemma .8 to the point
z = (2 + 20 3t), where 2(? and z(® are as in the statement of Lemma
We next apply Lemma to z = (:7:(3) — 2tby, Qt), and finally Lemma to z =
(w" — tbo,t) (recall the notation z(3) = @’ + w"). We thus get

M2 122 _ .
(4.26) u(0) < exp | Cy (l—l— ’IS ’ + |x8 | + ’ws| + ’u;?)‘ ) u(2),
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for a positive constant Cy. To complete the proof, we only need to estimate the
norm of the vectors 2(?, @’ and @”. From the definition of z(?) we infer

2] < o]+ o] + ol

for a suitable positive constant cg; then (£26) becomes

2
3

(1)]2 (2) 1| —1r|2
O 0 1 1Y)

4.2 < 1
(4.27) u(0) < exp C’1< + S S 5 33

Analogously, from the definition of Z(®) we get
(4.28) ‘5(3) - $(3)| < cls|x(l)| + 02|x(1)|3 + 03|x(1)||x(2)|,

for three positive constants c1,co and c3 depending on the operator L. Then we
find
=]

2
w[* o]

[« OF | O]

u(z0) < exp C(1+ R = + + +

and the claim follows. O

Proof of Proposition 2l Under the assumptions W” = {0} so that, arguing as in
the proof of Proposition ], we find

RO | ]| 2]
u(0) < exp C’1<1—|— . + . + . ) u(z),

instead of ([@27)). The claim follows from (£.28). O

Proof of Proposition @3 In this case we have Vo = W’ = {0} and z® =z 4
by (zM)). Then (Z26) reads

Nk =(3) |2
u(0) < exp (co(1+ Ll i sl )) u(2),

s 53
and the claim plainly follows. O

Proof of Proposition [£4l According with the notations of Example [[5l we have

{(£,0,0) | ¢ eR™} =17,
{(0,7,0) [n e R"} = Vo + W',
{(0,0,w) |weR"} =W".
We also denote 2 = (£,n,w). In our setting, by (I.23) we have that a} (:c(l), :1:(2)) €

W' in (&H). Moreover, by (), by = 0 and by (zV)) € W in ([@F). Furthermore
from the linearity of A} and A% in (&), it follows that A% (zM), A}(z¥)) € W’
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for any x € RY. Then we use (@Z1) as in the proof of Proposition A1l with
o Lop () pl o2 1 a(.(1)
w:wfz Tp §A2(:C )+A1 e -3 Z zqai(zM) ,
1<p<m, 1<g<m;
1N s (1)
= —b .
w w + 9 1(99 )
This accomplishes the proof. O

5. GAUSSIAN ESTIMATES

In this section we prove Proposition for Lie groups of step three by using the
Harnack estimates of the previous section. We also give sharp Gaussian estimates
for the operators in Examples [[3] [[L4] and

Proposition 5.1. Let L be the parabolic operator (LI4) on a Carnot G group of
step three and let T' be its fundamental solution. There exists a positive constant C
such that

2
(5.1) L(xz,t) > QC:2 exp (—C'x—@) , Y(z,t) € RV x RY,
ta

t

Proposition 5.2. Let L be the Kolmogorov operator (LIG) on a group K of step
three and let I be its fundamental solution. There exists a positive constant C' such
that

2 3)(6
(52) T(wt) > -2 exp (-c(’x e, I |K>> . V(z,t) eRY xR*.

t 3

Proposition 5.3. Let L be the operator in (L22) on a linked group L = GAK of
step three and let T' be its fundamental solution. There exists a positive constant C

such that
C (2,5, 0)[; . (0,0,w)|]
o= exp (—C( ; L4 3 L )

Y(z,y,w,t) € RN x RT.

(5.3) T'(z,y,w,t) >

Proof of Proposition [[2. For ¢ € RN, we apply Proposition EIl to u = I' with

z0 = (0, ) T= chrl and z = z; ' o (&, 1) (here c is the constant in the statement
of Proposition EI)). Note that z = (z,t) with ¢ = L= and, by the triangular

c+1
inequality,

lzle < [lzlle < co (1€ Dlle + 25 ' le) < €' ([éle +1)

for some positive constant C’ only depending on ¢ and ¢g. Thus we find
c
(5.4) ', 1) > Cexp (_C|9C‘<?;) r (07 c—|——1> > Cexp (—C’l|§‘<?;) )

where the constant C; does not depend on ¢ € RV, To prove the claim it is sufficient
to use the homogeneity of the fundamental solution (see (LA4))). O

Proof of Proposition 5.1l We argue exactly as above by using Proposition in-
stead of Proposition [£.1] O
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Proof of Proposition [5.2. We proceed as in the proof of Proposition and use
Proposition 43l By (L2I)) it is easy to check that x = &, since zo_1 = —zp so that

(z,t) = (0,-%) o(€,1) = (5,;1).

['(,1) > Crexp (_01 (’5(1)|2 i ‘§(3)’2))

instead of (B4). We conclude as in the proof of Proposition 2] by using the
homogeneity of T'. O

Then we obtain

Proof of Proposition 5.3l For (£,1,¢) € R™ x R™ x R", we argue again as above

and use Proposition [£.4] with zy = (O, 0,0, CJ%I) to get the following inequality:

(5.5) T, n,w,1) > Cexp (fc (|(:v,y, 07 + \w|2)) ,

where (z,y,w,t) = z5 ' o (§,1,w,1). From (L25) and (L2I) it follows that z; ' =
—zp. Thus, again using (L28), (L2I) and (L20), we infer

c 1
t) = - 1) = -
(x7y’w7 ) <0’07 0’ C+ 1) © (5,7’70(}, ) (€7n7w3 C—"— 1)’

and the claim follows. O
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